Propagation of plane strain shear cracks is calculated numerically by using finite difference equations with second-order accuracy. The rupture model, in which stress drops gradually as slip increases, combines two different rupture criteria: (1) slip begins at a finite stress level; (2) finite energy is absorbed per unit area as the crack advances. Solutions for this model are nonsingular. In some cases there may be a transition from rupture velocity less than Rayleigh velocity to rupture velocity greater than shear wave velocity. The locus of this transition is surveyed in the parameter space of fracture energy, upper yield stress, and crack length. A solution for this model can be represented as a convolution of a singular solution having abrupt stress drop with a 'rupture distribution function.' The convolution eliminates the singularity and spreads out the rupture front in space-time. If the solution for abrupt stress drop has an inverse square root singularity at the crack tip, as it does for sub-Rayleigh rupture velocity, then the rupture velocity of the convolved solution is independent of the rupture distribution function and depends only on the fracture energy and crack length. On the other hand, a crack with abrupt stress drop propagating faster than the shear wave velocity has a lower-order singularity. A supershear rupture front must necessarily be spread out in space-time if a finite fracture energy is absorbed as stress drops.
INTRODUCTION
Theoretical predictions of the velocity of propagation of the tips of plane strain shear cracks (mode 2 cracks) appear contradictory. By one hypothesis it is agreed that if a finite fracture energy is absorbed per unit area of crack surface as the crack advances, then the rupture velocity must be less than the Rayleigh wave velocity [Kostrot; , 1970; Freund, 1972; Fossum and Freund, 1975] . On the other hand, if slip begins when shear stress on the crack plane reaches a finite static friction level, then for a certain range of friction levels the rupture velocity cannot be less than the P wave velocity [Burridge, 1973] . In both theoretical models, stress drops abruptly when slip starts, and the material is elastic off the crack plane. Stress drop arising from either fracture stick-slip friction is mathematically equivalent for motion in the medium, except for the criterion for propagation of the stress drop. In this paper the word rupture refers in general to the stress drop as slip begins.
In any real material there is a limit to the shear stress that the material can support, so that a solution with a stress singularity satisfying a fracture surface energy criterion must be modified in the neighborhood of the crack tip. On the other hand, a solution with rupture velocity chosen to give bounded shear stress on the crack plane will still have singularities at the crack tip in other components of shear stress due to the displacement having a singular derivative. Therefore even in the case of stick-slip friction, a region near the crack tip will be driven to its. elastic limit and will absorb energy in excess of work done against the sliding friction stress [Andrews, 1976] . The energy absorbed need not be a material constant. A realistic rupture propagation criterion should combine both concepts, that sh'ear stress be bounded and that the rupture front be a sink for energy of the elastic stress field.
Burridge, ignoring inelastic energy loss, concluded that molecular cohesive energy on a single ideal surface had a negligible effect at a length scale appropriate for an earthquake. Accordingly, he considered the limiting case of zero cohesive energy together with a finite stress limit. It is paradoxical that his conclusion regarding rupture velocity does not agree with the conclusion of fracture mechanics in the limit of vanishing fracture energy. The solution to the paradox, as we shall see in Copyright ¸ 1976 by the American Geophysical Union. the last section of this paper, is that stress drop is not abrupt. If both the finite stress and the finite fractu, re energy criteria apply, then energy is absorbed at the rupture front as inelastic deformation increases a finite amount driven by finite stress.
Rupture propagation at the P wave velocity has been reported in a numerical calculation with a finite stress rupture criterion [HamanD, 1974] . In the present work, numerical calculations are performed to explore how the transition between sub-Rayleigh and super-Rayleigh rupture propagation depends on the three parameters, stress limit, fracture surface energy, and crack length.
MODEL
In this work, rupture propagation is calculated numerically with a uniform finite difference grid. In order that meaningful results may be obtained, a material model must be chosen for which the rupture front is nonsingular and is spread out in space enough to be adequately resolved by the finite difference grid. A particular idealized model is chosen that is characterized by an upper limit on shear stress on the crack plane and an effective fracture surface energy. Slip occurs only on a prescribed crack plane. The medium is infinite, homogeneous, isotropic, and linearly elastic off the crack plane. The rupture front is modeled with a slip-weakening law, in which shear stress on the crack drops gradually as slip (the discontinuity of displacement across the crack) increases. In this model, energy absorbed in inelastic strain near the crack tip is modeled as work done on the crack plane by the gradually decreasing stress.
Plane strain is assumed. Let the y axis of a Cartesian coordinate system be normal to the crack plane. All variables are assumed to be independent of z, and the z component of displacement is zero everywhere. Slip is in th e x direction. The possibility of inelastic coupling between antiPlane strain and plane strain deformation at the rupture front [Richards, 1976] • is disregarded.
In the slip-weakening model, a maximum traction T at each point on the fault plane is prescribed as a function of'the slip Au at that point. Traction is chosen to be a function of slip simply for convenience, so that fracture energy Will be a constant of the model. In more realistic models, traction might be a function of slip velocity, as indicated by some friction experi- Initial growth of a crack with singular tips is represented by a hyperbola in the x-t plane [Ida, 1972] . Initial growth in this calculation appears slower and may be exponential rather than quadratic in time.
The rupture is propagating at a significant fraction of the Rayleigh velocity by the time the crack has doubled its length and then approaches the Rayleigh velocity asymptotically. The width of the rupture front decreases as the crack lengthens. This behavior is consistent with that found in antiplane strain [Andrews, 1976] been driven by this peak at this time is too small to show in the figure.
In Figure 6 the first arriving stress peak is broader, and the slip that it has driven is evident. The amount of slip at the second stress peak reduces the amplitude of that peak according to the slip-weakening relation. As this second stress peak propagates farther, it encounters larger values of slip and must attenuate more.
In Figure 7 the entire rupture front is propagating faster than the shear wave velocity.
In Figure • DISCUSSION OF RESULTS
The length ratio plotted in Figure 9 is equivalent to the ratio of energy absorbed at the rupture front to available strain energy released from a static crack of the same length. For a static crack with length L and singular tips, the slip function is [Starr, 1928] It follows that in general the ratio of energy absorbed to available energy released is Lc/L. These calculations have been performed with constant values of fracture surface energy. This assumption is not realistic at a large length scale (as for an earthquake) or in any case in which the energy is absorbed in inelastic strain distributed through a volume around the crack tip. If the energy absorption is governed by an inelastic stress-strain relation, then th e thickness of the inelastic volume will be proportional to crack length, and G and Lc will be proportional to L. A rupture propagating at constant stress drop will tend toward a constant value of L•/L as L increases. In an antiplane strain calculation with parameters chosen to give large energy absorption, the value L•/L = 0.3 was found [Andrews, 1976] . Smaller values can be expected in general, particularly for stick-slip friction on a preexisting fault.
The amplitude of the slip function of a propagating crack and stress intensity at the crack tip are determined primarily by stress drop, crack length, and instantaneous crack velocity. Variation arising from dependence on past history of rupture propagation will be less than a factor of 2 for the smooth variation considered here. Therefore within a factor of 2, 
•(L, t) --K(v)A•[V(to --t)/L] -• ß H(tot)-ArH(tto)

Au(L, t) ---u+ --u_ --Q(v)(LAr/la) ß [v(t-to)/Ll•-aH(t-to) OAu(L, t) = (1 --a)Q(1;)(1;Ar/la)[v(t-to)/Ll-aH(t-to)
Ot where H is the Heaviside step function, Ar is the initial minus the sliding friction stress, and v is rupture velocity. For v less than the Rayleigh velocity, the exponent of the crack tip singularity is a = {; for v >/• we will see below that 0 < a < {. These equations have been written to make clear the dimensional scaling appropriate for a crack growing in an infinite uniform medium. The functions K and Q are dimensionless and depend on rupture velocity alone. K is not the conventional stress intensity factor, for the dependence on stress drop and crack length has been factored out. Explicit expressions for K and Q might be found by extending Burridge's analysis but are not needed here. The stress singularity does not overlap the slip function. For the purpose of illustration, let the rupture distribution function be a square pulse,
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The result can be expressed in three different time domains as that it is zero outside a bounded domain, and that it is piecewise continuous. Then the one-parameter family of rupture distribution functions (1/e)f(t/e) satisfies the same conditions. Then expressions found for peak stress and fracture energy in the convolved solution, analogues of (2) and (3), will depend on the rupture width e. The two equations together will determine e and v. The solution will depend on the choice of shape of the rupture distribution function f(t).
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From this point we will assume that e is small enough that only the first term of (3), the term arising from the overlap of the two smeared out singularities, need be considered. This assumption may require that peak stress be large. Then if a = •, as for sub-Rayleigh rupture velocity, some special properties apply. The dependence on e disappears from (3). Then rupture velocity is determined by (3) alone and is independent of the extent of smearing out that is required to satisfy the stress limit.
For a = •, rupture velocity is also independent of the shape of the rupture distribution function. In this case the fracture energy, calculated from the overlap of the singularities, is The condition for the transition from sub-Rayleigh to supershear rupture velocity might be found analytically. For a particular choice of shape of rupture distribution function, the question can be posed as follows. When a self-similar solution for sub-Rayleigh rupture velocity is smeared out to reduce stress at the crack tip to the upper yield point, is stress at the S wave peak above or below the upper yield point?
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The finite difference method is not well suited to problems having two length scales that are greatly different. For values of rupture front length that are smaller fractions of crack length than considered here, convolution of analytic solutions would be a preferable method.
The slip-weakening model is not entirely realistic but is itself an abstraction of a strain-weakening model, in which failure takes place in a volume of finite thickness. Numerical solutions for a strain-weakening model [Andrews, 1976] where E is the strain energy function. Note that a mode with alternating velocity from one time step to the next is not limited by this energy analogue and is subject to instability. All -other modes, even those significantly dispersed, are constrained by energy, conservation. These conservation principles can be extended to two dimensions, nonuniform grids, and nonlinear materials [Trulio and Trigger, 1961; Trulio, 1964 Trulio, , 1966 .
A numerical solution for a crack propagating with an abrupt stress drop can be quite noisy. One reason is simply that amplitudes of short-wavelength components are significant, and those components are dispersed. There is a second cause. With an abrupt stress drop in a numerical calculation, there is no energy absorption at the rupture front as at the singularity in the corresponding analytic solution. Amplitudes of long-wavelength components will be accurate, so that the energy that should be absorbed must go into shorter-wavelength components. Therefore the crack tip is a source of short-wavelength noise. 
